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We examine the gyromagnetic ratios of rotating and charged AdS black holes in four and higher
spacetime dimensions. We compute the gyromagnetic ratio for Kerr-AdS black holes with an arbi-
trary electric charge in four dimensions and show that it corresponds to g = 2 irrespective of the AdS
nature of the spacetime. We also compute the gyromagnetic ratio for Kerr-AdS black holes with a
single angular momentum and with a test electric charge in all higher dimensions. The gyromagnetic
ratio crucially depends on the dimensionless ratio of the rotation parameter to the curvature radius
of the AdS background. At the critical limit, when the boundary Einstein universe is rotating at the
speed of light, it exhibits a striking feature leading to g = 2 regardless of the spacetime dimension.
Next, we extend our consideration to include the exact metric for five-dimensional rotating charged
black holes in minimal gauged supergravity. We show that the value of the gyromagnetic ratio found
in the “test-charge” approach remains unchanged for these black holes.
PACS numbers: 04.20.Jb, 04.70.Bw, 04.50.+h
Introduction
Black holes continue to play a profound role in the fun-
damental description of nature. The striking examples of
this come from the AdS/CFT correspondence between a
weakly coupled gravity system in an anti-de Sitter (AdS)
background and a strongly coupled conformal field the-
ory (CFT) living on its boundary [1].
The simple AdS black hole is described by the familiar
Schwarzschild-AdS solution. The most important feature
of the black hole is that it has a minimum critical tem-
perature determined by the curvature radius of the AdS
background. This means that there must be a thermal
phase transition between AdS space and Schwarzschild-
AdS space at a critical temperature: At low temperatures
thermal radiation in the AdS space is in stable equilib-
rium, while at temperatures higher than the critical value
there is no stable equilibrium configuration without a
black hole [2]. The Hawking-Page transition was inter-
preted by Witten [3] in terms of a transition between the
confining and deconfining phases of the corresponding
conformal field theory. In further developments, this re-
sult has been extensively discussed in the context of both
static and rotating AdS black holes in various spacetime
dimensions (see Refs. [4]-[8]). The authors of work in [5]
have studied the relationship between Kerr-AdS black
holes in the bulk and conformal field theory living in a
boundary Einstein universe. It has been shown that at
the critical limit, at which the boundary Einstein uni-
verse is rotating at the speed of light, generic thermody-
namic features of the conformal field theory agree with
those of the black holes in the bulk.
In general, the clearest description of the boundary
conformal field theory in a rotating Einstein universe im-
printed by a Kerr-AdS black hole in the bulk is a very
complicated and subtle question. Exploring the critical
limit at which the Einstein universe rotates at the speed
of light makes a significant simplification as it incorpo-
rates generic features of both bulk and boundary theo-
ries. There are subtleties even with the definition of the
total mass and angular velocities of the Kerr-AdS black
holes. In Ref. [9], it has been argued that one must eval-
uate the mass and angular velocities relative to a frame
which is nonrotating at infinity. Only these quantities de-
fine the most important characteristics of the Kerr-AdS
black holes relevant for their CFT duals and satisfy the
first law of thermodynamics. A more detailed analysis
has led to a general equivalence between the bulk and
the boundary thermodynamic variables [10, 11], thereby
clarifying the lack of unanimity in previous cases [12].
In the light of these considerations, we address further
important properties of the black holes in AdS space,
namely the gyromagnetic ratios of charged Kerr-AdS
black holes. We recall that in classical electrodynam-
ics the gyromagnetic ratio of a charged rotating body
is always g = 1 for a constant ratio of the charge to
mass density. However, quantum electrodynamics pre-
dicts, up to radiative corrections, that g = 2 for charged
fermions, like electrons and muons. It has been shown
that at the tree-level, g = 2 is the natural value of the
gyromagnetic ratio for elementary particles of arbitrary
spin [13]. The exact result g = 2 is related to unbroken
supersymmetry and the factor g − 2 is considered to be
a measure of SUSY-breaking effects (see Ref. [14] for a
recent review). It is long known that, unlike a uniformly
charged rotating body, the gyromagnetic ratio for a ro-
tating asymptotically flat black hole in four-dimensional
Einstein-Maxwell theory is equal to 2, just like for an
electron [15]. The parameter g is defined as a constant of
proportionality in the equation for the magnetic dipole
moment
µ = g
QJ
2M
, (1)
where M is the mass, J is the angular momentum and
Q is the electric charge of the black hole.
In recent works [16, 17], the gyromagnetic ratio was
studied in higher dimensions for asymptotically flat
Myers-Perry black holes [18] carrying a test electric
charge as well as for arbitrary values of the electric charge
2in the limit of slow rotation. A numerical treatment was
given in Refs. [19]. It should be noted that, unlike four
dimensions, the value of the gyromagnetic ratio is not
universal in higher dimensions. For a five-dimensional
Myers-Perry black hole with a test electric charge the
gyromagnetic ratio was found to be g = 3. On the other
hand, it is known that for black holes in five-dimensional
Kaluza-Klein theory the g-factor approaches unity in the
ultrarelativistic limit [20]. This value is the natural g-
factor for massive states in the Kaluza-Klein theory [21].
It is also known that for Kaluza-Klein black holes in ten-
dimensional supergravity g = 1 [22], while some p -brane
solutions in higher dimensions have a gyromagnetic ratio
that corresponds to g = 2 [23].
The purpose of this paper is to examine the gyromag-
netic ratios of rotating and charged AdS black holes in
four and higher spacetime dimensions. We begin with
the Kerr-Newman-AdS solution in four dimensions and
show that its gyromagnetic ratio corresponds to g = 2.
Since, the counterpart of the Kerr-Newman-AdS solution
in higher dimensions is not known yet, we employ the
test-charge approach. This allows us to use the higher-
dimensional Kerr-AdS metrics found in Refs. [5, 24] and
propose an elegant way of describing the associated test
electromagnetic field. We focus on the Kerr-AdS black
holes with a single angular momentum which is of cru-
cial importance in the sense that it allows a universal
description of the gyromagnetic ratio in four and higher
dimensions. (Multiple angular momenta case, by its very
existence, requires higher dimensions and does not admit
a passage to the value of the gyromagnetic ratio in four
dimensions). We find a remarkable formula for the gyro-
magnetic ratio
g = 2 + (N − 3)Ξ , (2)
where Ξ = 1 − a2 l−2 and N is the number of spatial
dimensions. Furthermore, a is the rotation parameter
and l is the curvature radius of the AdS background.
For N = 3 this expression shows that g = 2 is a uni-
versal feature of four dimensions irrespective of the AdS
nature of the spacetime. For vanishing cosmological con-
stant, l → ∞, it recovers the value of the gyromagnetic
ratio found for weakly charged Myers-Perry black holes
[16, 17]. However, the most striking feature of the ex-
pression (2) appears in the critical limit Ξ→ 0, in which
the boundary Einstein universe rotates at the speed of
light. We see that g → 2 regardless of the spacetime di-
mension. In a recent work, Ref. [25], it has been shown
that at the critical limit of rotation the Kerr-AdS black
holes are related to SUSY configurations. Thus, it also
follows from our result that a supersymmetric black hole
in an AdS background must have the value of the gyro-
magnetic ratio corresponding to g = 2.
In the final section we go beyond the test-charge ap-
proximation and use the exact metric for five-dimensional
rotating charged black holes in minimal gauged super-
gravity that was recently found in [26]. Focusing on the
case with a single rotation parameter, we show that the
gyromagnetic ratio of these black holes is the same as
that appearing in (2) for N = 4.
Kerr-Newman-AdS black holes
The exact solution describing the Kerr-Newman-AdS
black holes in four-dimensional Einstein-Maxwell theory
was found in [27]. It is given by the metric
ds2 = −∆r
Σ
(
dt− a sin
2 θ
Ξ
dφ
)2
+
Σ
∆r
dr2 +
Σ
∆θ
dθ 2
+
∆θ sin
2 θ
Σ
(
a dt− r
2 + a2
Ξ
dφ
)2
, (3)
where Ξ has the same form as that appearing in (2) and
∆r =
(
r2 + a2
)(
1 +
r2
l2
)
− 2Mr +Q2 , (4)
∆θ = 1− a
2
l2
cos2 θ , Σ = r2 + a2 cos2 θ . (5)
The associated electromagnetic field is described by the
potential one-form
A = −Qr
Σ
(
dt− a sin
2 θ
Ξ
dφ
)
, (6)
where the parameter Q is related to the electric charge
by Gauss’s law which gives
Q ′ =
Q
Ξ
. (7)
Here and in the following the primed quantities refer to
the physical characteristics of the black holes. The pa-
rametersM and a appearing in the metric (3) are related
to its total mass and angular momentum which are given
by the first law of thermodynamics [9]
M ′ =
M
Ξ2
, J ′ =
aM
Ξ2
. (8)
Clearly, a rotating charged AdS black hole must have a
magnetic dipole moment. The most direct way to de-
termine it is to examine the asymptotic behavior of the
magnetic field generated by the black hole. For this pur-
pose, it is useful to introduce an orthonormal frame which
is given by the basis one-forms
e0 =
(
∆r
Σ
)1/2(
dt− a sin
2 θ
Ξ
dφ
)
,
e3 =
(
∆θ
Σ
)1/2
sin θ
(
a dt− r
2 + a2
Ξ
dφ
)
,
e1 =
(
Σ
∆r
)1/2
dr , e2 =
(
Σ
∆θ
)1/2
dθ . (9)
The remarkable property of this frame is that an observer
at rest in it measures only the radial components of the
3electric and magnetic fields. This is confirmed by calcu-
lating the electromagnetic field two-form in this frame
F = − Q
Σ2
[(
2r2 − Σ) e0 ∧ e1 − 2a r cos θ e3 ∧ e2] . (10)
From the asymptotic behavior of this expression it is easy
to read off both the electric charge given in (7) and the
magnetic dipole moment
µ ′ = Q ′a =
µ
Ξ
, (11)
where µ = Qa is the magnetic dipole moment parameter.
The magnetic dipole moment is related to the mass and
angular momentum in (8) by the gyromagnetic ratio. We
have a definition similar to (1) for asymptotically flat
black holes; that is
µ ′ = g
Q ′J ′
2M ′
. (12)
It follows that the Kerr-Newman-AdS black holes must
have a gyromagnetic ratio g = 2 just as the usual Kerr-
Newman black holes in asymptotically flat spacetime.
Higher dimensional case
The Kerr-AdS black holes with a single rotation param-
eter in N + 1 dimensions are described by the metric
ds2 = −∆r
Σ
(
dt− a sin
2 θ
Ξ
dφ
)2
+
Σ
∆r
dr2
+
Σ
∆θ
dθ 2 +
∆θ sin
2 θ
Σ
(
adt− r
2 + a2
Ξ
dφ
)2
+ r2 cos2 θ dΩ2N−3 , (13)
where the metric functions are the same as given in (3)
except for
∆r =
(
r2 + a2
)(
1 +
r2
l2
)
−mr4−N (14)
and dΩ2N−3 is the metric on a unit (N −3)-sphere. Here
m is the mass parameter that reduces to 2M for N = 3.
Let us now assume that a generic Kerr-AdS black hole
in higher dimensions [24] may carry a test electric charge.
It is straightforward to show that the Killing one-form
δξˆ(t) that represents the difference between the timelike
generators in the spacetime metric and in its reference
background can be used as a potential one-form for the
test electromagnetic field of the black hole. Using this
prescription for the metric (13), we find the potential
one-form
A = − Qr
4−N
(N − 2)Σ
(
dt− a sin
2 θ
Ξ
dφ
)
, (15)
satisfying the Maxwell equations. The Gauss law gives
rise to the same relation for the electric charge as that
given in (7). For N = 3 equation (15) agrees with (6).
The expressions for the total mass and angular mo-
menta of general Kerr-AdS metrics in higher dimensions
which are consistent with the first law of thermodynam-
ics were found in [9]. Specializing these expressions to
the case of a single angular momentum we obtain
M ′ =
m′AN−1
16π
[ 2 + (N − 3)Ξ ] , J ′ = j
′AN−1
8π
, (16)
where AN−1 is the area of a unit (N −1)-sphere and we
have defined the specific mass and angular momentum
m′ =
m
Ξ2
, j ′ =
am
Ξ2
(17)
which are reminiscent of the relations in (8).
As in four-dimensional case, the magnetic dipole mo-
ment can be determined from the asymptotic behavior
of the electromagnetic field two-form written in a natu-
ral ortonormal frame of the metric (13), in which it takes
the simplest form
F = − Qr
3−N
(N − 2)Σ 2
{ [
(N − 2)Σ− 2 a2 cos2 θ]
e0 ∧ e1 − 2a r cos θ e3 ∧ e2} . (18)
It follows that the dominant behavior of the magnetic
field at spatial infinity is determined by the magnetic
dipole moment
µ ′ =
j ′Q ′
m ′
= [ 2 + (N − 3)Ξ ] J
′Q′
2M ′
. (19)
Comparing now this expression with (12) we read off the
value of the gyromagnetic ratio given in equation (2) .
It is important to note that the value of the gyromag-
netic ratio found above can be proved by alternative cal-
culations employing a distinct approach. We define the
twist of the Killing one-form ξˆ(t) that is given by the
(N − 2)-form
ωˆN−2 =
1
(N − 2)
⋆
(
ξˆ(t) ∧ d ξˆ(t)
)
. (20)
Physically, this quantity measures the failure of the
Killing vector ∂t to be hypersurface orthogonal. The ⋆
operator denotes the Hodge dual. Evaluating the twist
form (20) in the metric (13) we find that it is closed, i.e.
dωˆN−2 = 0. This implies the existence (locally) of the
twist potential (N − 3)-form which after performing the
background subtraction is given by
δΩˆN−3 =
am
Σ
cosN−2 θ
N − 2 dΣN−3 , (21)
where dΣN−3 is defined on a unit (N − 3)-sphere. Next,
we define the magnetic field (N − 2)-form
BˆN−2 = iξˆ(t)
⋆F = ⋆
(
ξˆ(t) ∧ F
)
, (22)
4which in the metric (13) can be expressed as
BˆN−2 = −dϕN−3 , (23)
where the magnetic potential (N − 3)-form
ϕN−3 =
aQ
Σ
cosN−2 θ
N − 2 dΣN−3 . (24)
We see that the asymptotic behavior of this expres-
sion determines the magnetic dipole moment parame-
ter µ = Qa just as the twist potential (N − 3)-form in
(21) determines the specific angular momentum param-
eter j = am. This fact can also be expressed in the form
ϕN−3 =
Q
m
δΩˆN−3 , (25)
which is equivalent to the relation (19). This proves the
value of the gyromagnetic ratio in (2).
Five-dimensional black holes in minimal
gauged supergravity
In obtaining the gyromagnetic ratio in (2) we have
used the test-charge approximation and thermodynam-
ically consistent expressions for the mass and angular
momentum. Now, it is natural to ask how this result
will change for an arbitrary electric charge of the black
hole. First of all, one may expect that in general the gy-
romagnetic ratio will depend on the value of the electric
charge. However, in some cases the formula (2) may still
work (at least in the critical limit of rotation Ξ → 0)
for the arbitrary electric charge. As an illustration of
this idea, we calculate the gyromagnetic ratio for rotating
charged black holes in minimal five-dimensional gauged
supergravity with the Lagrangian
L = (R+ 12/l2) ⋆1− 1
2
⋆F ∧ F
+
1
3
√
3
F ∧ F ∧ A , (26)
where F = dA. The exact metric for these black holes
with two independent rotation parameters was found in
[26]. Specializing this metric to the case of a single rota-
tion parameter and using the Boyer-Lindquist type coor-
dinate system that is rotating at spatial infinity we obtain
that
ds2 = −f
(
dt− a sin
2 θ
Ξ
dφ+
Qa cos2 θ
f Σ
dψ
)2
+
∆θ sin
2 θ
Σ
(
adt− r
2 + a2
Ξ
dφ
)2
+ cos2 θ
(
r2 +
Q2a2 cos2 θ
fΣ2
)
dψ2
+
Σ
∆r
dr2 +
Σ
∆θ
dθ 2 , (27)
where
∆r =
(
r2 + a2
)(
1 +
r2
l2
)
+
Q2
r2
−m , (28)
f =
∆r
Σ
+
Q2
Σ2
− Q
2
r2Σ
. (29)
We note that under the coordinate transformation φ →
φ−(a/l2) dt, the metric (27) reduces to the form given in
[26]. The corresponding potential one-form is given by
A = −
√
3Q
Σ
(
dt− a sin
2 θ
Ξ
dφ
)
, (30)
where the parameter Q is related to the electric charge
by the generalized Gauss law
Q ′ =
1
2π2
∮ (
⋆F − F ∧ A/
√
3
)
(31)
giving
Q ′ =
2
√
3Q
Ξ
. (32)
It is important to note that though the metric (27)
has a single rotation parameter, evaluating the Komar
integrals
J ′φ =
1
16π
∮
⋆dξˆ(φ) , J
′
ψ =
1
16π
∮
⋆dξˆ(ψ) , (33)
where the Killing one-form ξˆ = ξµ dx
µ is associated with
the Killing vector ξ(φ) = ∂/∂φ , or ξ(ψ) = ∂/∂ψ , we find
two angular momenta
J ′φ =
π
4
am
Ξ2
, J ′ψ =
π
4
Qa
Ξ
. (34)
That is, in the absence of the second rotation parame-
ter in five dimensions, the metric (27) still possesses an
additional (induced) angular momentum in ψ-direction
due to its electric charge (see also [26]). The total mass
of the metric that is consistent with the first law of ther-
modynamics is given by the expression
M ′ =
πm
8Ξ2
( 2 + Ξ ) , (35)
which agrees with (16) for N = 4.
Next, we determine the magnetic dipole moment of
the black hole. As in the previous cases above, we first
examine the asymptotic behavior of the electromagnetic
field in an orthonormal frame with the basis one-forms
e0 = f1/2
(
dt− a sin
2 θ
Ξ
dφ+
Qa cos2 θ
f Σ
dψ
)
,
e3 =
(
∆θ
Σ
)1/2
sin θ
(
a dt− r
2 + a2
Ξ
dφ
)
,
e4 = r cos θ
(
1 +
Q2a2 cos2 θ
fr2Σ2
)1/2
dψ ,
e1 =
(
Σ
∆r
)1/2
dr , e2 =
(
Σ
∆θ
)1/2
dθ . (36)
5This is a generalization of the natural orthonormal frame
(9) to include the metric (27). The electromagnetic field
two-form written in this frame takes its simplest form
F = −2
√
3Q
Σ 2
(
∆r
fΣ
)1/2 [
r e0 ∧ e1
+
Qa cos θ
f1/2Σ
(
1 +
Q2a2 cos2 θ
fr2Σ2
)−1/2
e1 ∧ e4
]
+
2
√
3Qa cos θ
Σ 2
e3 ∧ e2 . (37)
We note that this expression, unlike (18), involves a
higher-order in 1/r term (the second term in square
parentheses) that appears due to the induced angular
momentum in the ψ-direction. For the dominant behav-
ior of these fields at spatial infinity we find that
Frˆtˆ =
Q ′ Ξ
r3
+O
(
1
r5
)
, (38)
Fθˆφˆ =
Q ′aΞcos θ
r4
+O
(
1
r6
)
, (39)
Frˆψˆ = O
(
1
r6
)
. (40)
It is easy to check that the Gauss flux of the radial elec-
tric field (38) confirms the value of the electric charge in
(32). From the asymptotic behavior of the magnetic field
in Eq.(39), it follows that the magnetic dipole moment is
given by the same relation as in (11); that is,
µ ′ = Q ′a =
µ
Ξ
, (41)
where we have introduced the magnetic dipole moment
parameter µ = 2
√
3Qa. The magnetic dipole moment
can be written in terms of the total mass, angular mo-
mentum (gravitomagnetic dipole moment) and the elec-
tric charge of the black hole as follows
µ ′ = ( 2 + Ξ )
J ′Q′
2M ′
. (42)
From a comparison of this expression with (12) we find
the gyromagnetic ratio
g = 2 + Ξ . (43)
We see that this expression is exactly the same as that
following from (2) for N = 4. Thus, a rotating charged
black hole with a single rotation parameter in minimal
five-dimensional gauged supergravity can be assigned the
same gyromagnetic ratio as a five-dimensional Kerr-AdS
black hole carrying a test electric charge. That is, in the
critical limit of rotation (Ξ→ 0) the gyromagnetic ratio
g → 2 regardless of black hole’s electric charge as well.
Conclusion
We have computed the gyromagnetic ratios for rotating
and charged AdS black holes in four and higher dimen-
sions. We have obtained the exact result g = 2 for the
gyromagnetic ratio in four dimensions, thereby extend-
ing the validity of the gyromagnetic ratio for the usual
Kerr-Newman black holes to include the Kerr-Newman-
AdS black holes. Assuming that generic Kerr-AdS black
holes in all higher dimensions may carry a test electric
charge we have proposed an elegant way of describing
the electromagnetic field of these black holes. We have
computed the gyromagnetic ratio of the Kerr-AdS black
holes with a single angular momentum in all higher di-
mensions. The gyromagnetic ratio crucially depends on
the dimensionless ratio of the rotation parameter to the
curvature radius of the AdS background. The striking
feature of this dependence appears for maximally rotat-
ing black holes (Ξ→ 0) for which the gyromagnetic ratio
approaches g = 2 regardless of the spacetime dimension.
In this case the boundary of the AdS spacetime is ro-
tating at the speed of light. These results are of im-
portance for several reasons: Although we do not yet
have the exact metrics for charged Kerr-AdS black holes
in higher dimensions, we can still examine the electro-
magnetic properties of these black holes and learn about
their gyromagnetic ratio using the test-charge approach.
In addition, they show that g = 2 is the universal feature
of black holes in four dimensions irrespective of the AdS
behaviour the spacetime. As is known, the exact result
g = 2 for elementary particles of arbitrary spin g = 2
is related to supersymmetry and a deviation from this
value is supposed to be a measure of SUSY-breaking ef-
fects [13, 14]. It follows from our result that the value
g = 2 for maximally rotating case is also related to su-
persymmetry, since in this limit of rotation we have su-
persymmetric AdS black holes [25]. We have also gone
beyond the test-charge approximation and computed the
gyromagnetic ratio of rotating charged black holes with
a single rotation parameter in minimal five-dimensional
gauged supergravity. The gyromagnetic ratio turned out
to be the same as for Kerr-AdS black holes with a test
electric charge in five dimensions.
As we have mentioned above, there is a satisfactory
agreement between generic thermodynamic features of a
Kerr-AdS black hole in the bulk and its CFT dual living
on the boundary Einstein space that is rotating at the
speed of light [5]. Here, in the critical limit of rotation,
we have found that the gyromagnetic ratio g = 2 re-
gardless of spacetime dimension and black hole’s electric
charge. On this basis and also taking into account the
fact that throughout the paper we have used thermody-
namically consistent expressions for the mass and angular
momentum, one may conclude that our result may have
a relevance for AdS/CFT correspondence. That is, one
may expect the same value g = 2 for charged confor-
mal matter rotating at the speed of light in a boundary
Einstein universe.
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